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l Vector-Valued Support Vector
Regression

The training data are of the
form {(x, y)},x € R,y € k"

s y=1xn), f: R"— k"

Desir_e to minimize the loss
func’glc_)nal (also cal!ed
empirical risk functional)

j(n)le:L(yi,f(xi,n))

Parameter preference
expressed by regularization
functional

P(=)

Balance the two as regulaized

risk functional
vy

R, =P(x)+CJ (n)

xe R" ye R"
— Process—

xec R” x_,z__\_JSVM——’y; ye R"”

How should these be defined?



Parameters and estimator

Scalar Case: y € R

Vector Case: y € R™

R =P (m)+ S L(y M(x.m)
Parameters: :
n={w,b}, weR’ beR
e The weight w is free.

e The bias b 1s free.

Estimator form:

* The mapping ¢@(-) is given.
e The estimator is linear in the
range of @(-) !

R =P (m)+ XL (v, Bx,.m)

Parameters:
n={W,b}, WeR"™ beR"

* The weight W is free.
e The bias b 1s free.

Estimator form:

e The mapping @(-) is given.
e The estimator is linear in the
range of @(-) !



Regularization and Loss

Scalar Case: y e R Vector Case: y € R™

R, =P(n)+ CZI( v, f (xi,n)) R. =P(n)+ CZl(yi,f (xi,n))
Regularization functional: Regularization functional:

P(r)=1w'w P(n)=1Tr(WW')
* The weight w penalized. e The weight W penalized.
* The bias b is not penalized.  The bias b is not penalized.
Loss Function: Loss Function:
More to follow




The Loss Function (continued)

Scalar Case: y € R

Vector Case: y; € R™

-

_A_ A
e=y—)y
A A
L(e)= 'e(g = max (O, e|— 8) L(e) =
A
L(e)=le|, e-insensitive Loss A
el =
'\ /' p
- (4
—= Fe I
ap—insensitive Loss
31-insensitive loss fungction with € = 1 az-insensitive loss function with £ = 1
2 '
@ \ ;
3
]
0
2

eSy—§
]e”pL = max (O, er — 8)
(Zi]‘e}.‘p); 1< p<oo
m?Q%D p=ee

sw-insensitive loss fypgti




Put it all Together

Scalar Case: y € R

Vector Case: y € R™

Regularized Risk Functional:

R, = P(=) +C‘2L(y,-,f (Xi’“))

i=l

:

R, = %WTW-F Ci‘yi —w o(x,) —bL

Problem:
Mi?ig%ize: R, (w.b)
Given: x., }le ,C,€,0()

Regularized Risk Functional:
R, =P(m)+ CiL(yi,f(xi,n))

Ry, =5 TIOWW') + CZl

|y, - Weox)-b|,|

Problem:

Minimize: R, (W,b)

{W.b}

Given:  {x,y,},.C. . 00

But what about the mapping ¢(-)?



Back to SVM: How to solve it

Scalar Case: y € R

Vector Case: y € R™

Problem:

Minimize:
{w.b}

R Z%WTW+CZ .

reg

Problem:

Minimize:
{W.b}

1 {
R, = ETr(WWT) + CZ y, — We(x,)—b| ‘

Approach:

Non-smooth, need ¢(-)

Smooth, need ¢(-)

Smooth, need k(-,-



The Primal Problem

Scalar Case: ye R

Vector Case: y € [R™

Minimize:

subject to:

wb i ,gl.*}::l

(

P=iw'w+C) (£+E&)

i=1

Minimize:g
Wh{&8.8])

Primal
Variables

P:%Tr(WWT)+ci§

i=1

subject to:

o +8l] —e-g<0 & =0

1 ¥, ~Wo(x;)-b-5,<0, 8 >0
-y, +Wo(x,)+b-8 <0, & 20

9., 0, and &, are slack variables

Example: slack variable &t

a+rn=>b
alb&s
{ 720



The Lagrange Problem R

Scalar Case: y € R

Vector Case: y € R™

Minimize, Magim@z{e:
wole gl Aadnal

4
LEiw'w+C) (&E+E)
i=l

—chazi(£+§—yi+wT(p(xi)+b)

i=1

=Y o (e+E +y,-wo(x,)-b)

-2 (& +7mE)

subject to: ¢, ¢, ,1,,17; 20

Minimize, Maximize{: Dual
W,b,{é,&,,ﬁf}.{_l {a.m.7;77.0,6]} ~—_ Variables
(
A
LELTr(WW')+CD ¢

i=l1
4
->(8,5,+6.5))
i=l

subject to:  «,7,>0, v,.y,.0.,0, >0



Minimization of L over Primals

O
Scalar Case: y € R Vector Case: y € R™
oL Lo JL “
FalPICEL) b= 2T
oL ‘ oL d T
—= w-) (& -a)x, =0 ——= W- =Y X, =0
- Zl( [ o)X, W ;(v v;)e' (x;)
oL oL
o C-a- =0 —= C-a,-7 =0
agt 1 771 aé
oL . L)
3 C-o; -1, =0 oL _ | 8+, v e =0
' 39, | [3: +3;| C
\ p
: (545 |
L .+ 0. s
v — a, l *l - 1_91 :O
3, |3, +35;] !
* P
Introduce: B =« -«
Introduce: T, =y, —vy;

€, =6i_6:<
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Implications of Optimization 28

Scalar Case: y e R

Vector Case: y € R”

Equality Constraint:
Weights:
?zgﬂwg)

Constraints:

C-a-n1=0 —- o<=<C

C-a-n=0 - a<C

Estimator:
y=0o(x)+b 5

[l
~.
H‘Mm

Equality Constraint:
Weights:
®->ro (x)

Constraints:

C-o-1n=0 —- o<=<C

Estimator:



The Dual Problem

Scalar Case: y e R

Vector Case: y € R™

Regularized Risk:

Minimize:
{w.b}

R, Z%WTW + Cg‘yi —w o(x,)— b’g

Dual Problem:

Maximize:
{8},
{ (

=—522/3fﬁ,~

i=l j=I

( (
___PRERDIY
) i=l i=l
Subject to:
4
>4=0. |gl<C
i=1

Solve for . numerically

Regularized Risk:

Minimize:
{W.b}

1

Rreg = 5

(
Tr(WW')+C>
i=I

y, - Wox)-b] |

Dual Problem:

Maximize:
{ri}.,
i=1l j=lI
Subject to:
r,=0, |r < 1.1
2T;=0, |r], =c e

Solve for I'; numerically

12



Half Way There

Scalar Case: y e R

Vector Case: y € R”

Dual Problem:;

Maximize: D ({IB, },11 )

Solve for S
numerically

¢
Subject to: Z,BI =0, ],B,} <C
i=1

Estimatm;:

y=> Bk(x,x)+b
i=1
Support Vectors: {x;: 3 =0}

The bias remains to be found

Dual Problem:

Maximize: D ({Fi }le )

Solve for T
numerically

¢
Subject to: ZF,. =0, HF,.Hq <C
i=1

Estimator: C
§(x) =) Tk(x,x)+b
=1

Support Vectors: {x,: T, #0}

The bias remains to be found

Must Develop the KKT Conditions to find bias

13



KKT Conditions

Scalar Case: y € R

Vector Case: y € R™

o (e+& -y +wo(x,)+b)=0
o (e+& +y,—-wo(x,)-b)=0
nG =(C—a)5 =0
& =(C—a)é =0

Note: ° denotes a parallel or

element-wise product.
Exponents are taken
element-wise

a,.(ﬂa,. +5;"“p—e—§.):o
ﬂié:i :(C_ai)é:i =0

Y:- (¥~ Wo(x;)-b-35,)=0

3k
Yio

(—y,.+W<p(x,.)+b—6j‘):0

( p-1 A
CKZ[ 6,""61' ] _,Y;" Oai:()
P

|3, +8;
\ J
( p-1 3\

5, +9 | e
\ g J

14



Implications of KKT Conditions

Vector Case: y € R™

Primal + Dual + KKT conditions imply

(absolute value and exponent
are taken element wise)

I'.#0 — sign(l"i’j)zsign(el.’.

J

)

or

15



KKT Conditions (in the tube) e
Scalar Case: y € R Vector Case: y € R™

o, =a; =0 a,=|r.[,=0
:>yi_wT(P(Xi)_b:ei<g :>H5i+8j“p=Hei”p<8

=>-y,+wWQ(x,)+b=—¢ <€

Strictly inside the ¢ -ball

AY>

y Strictly inside the e-tube & -ball

”yi_yiul <&

16




KKT Conditions (on the margin)

l+l=1
P 49

Scalar Case: y € R

Vector Case: y € R™

o € (0,0C)

=y, -wo(x)-bte=¢

l

=y, -wo(x)-big

1

' On the margin of the g-tube

o =1, € ©.0)

= Hﬁi +9.

‘p =[e], =€

On the boundary of the ¢ -ball

Ayz




KKT Conditions (out of the tube 1,1

P 4

Scalar Case: y € R Vector Case: y € R™

7= @ =Ir),=c

= “é‘)i + Bfup =|le,| >¢

Out of the gp-ball

A




Finding the Bias

Scalar Case: y € R Vector Case: y € R™
o ( Solve for IBI . £ Solve for l"l.
Maimize: D({’Bi }"=1) numerically Maximize: D({F,. }":‘) numerically

( 4
Subject to: Z,B, =0, ‘,B,‘ <C Subject to: ZF,. =0, HI’,.HQ <C
i=1 i=!

19




|

Finding the bias (1 <p <) Ll

P 4

Scalar Case: y € R

Vector Case: y € R™

For ie M:{i:I,Bi‘e (O,C)}

F-b=e =sign(f)e

if s =sign(f)

1t follows that
b=F -se&

by KKT

For ie M2{i:|[] € (0,C) |

o

E—bzei:('?i‘—l‘—J sign(T',)e by KKT
q

if 6, =sign(T,)

it follows that

q-1
b:Fi—(ﬂ] - 6,E, 1<g<oo
T,

20



Summary o=

Vector Case: y € R™

¥Primal Estimatorf

[Solve for T, §
numerlcally :

21



Comparison

Scalar Case: y € R

Vector Case: y € R™

Estimator form:
Yx)=wox)+b= ) Bk(X,X)+b

e SV
Optimization Problem:

Maximize:

D=3 Y APk (x.x)+ 3 -3 IA]

i=1 j=1

Subject to: iﬂ =0, |g|<cC
i=1

KKT:
B.=0 — le|<é&
Ble (0,C) - le|=¢
gl=C — le|>¢

Estimator form:

y(x)=Wo(x)+b= > Tk(x,x)+b
i€ SV

Optimization Problem:

Maximize:

(¢ £ {
D==4% > T/Tk(x.x,)+ > y/T,~ SZ”Fillq
i=1 i=]

i=1 j=I

Subject to: YT, =0, ||, <C
=l

KKT:
HFZ.H =0 = el <&
q p
I, e 0.0 — e =¢
Il =Cc - || >e
q p

22



Demonstrations forp=1,2, ©

Vector Case: y € R”™

We will demonstrate the VV-SVR for the following process:

[ n(x) B ™" sinc(x)
y(x)—{yz(x)jl_{cos(&lxz)}

The following RBF kernel was used with o = 1. \\/\

20

k(xi,xj):exp{— (xi —?)2]

50 samples were chosen on the interval [0, 10]
for training and € = 0.1.

Matlab was used as the
solver.

23



The 1-Norm e

q ~ O
Vector Case: y € R™
The dual problem: Note: D 1s non-smooth
Maximize: in 1ts objective and
{0 4 4 .
D=—1Y3T/Tk(x.x,)+>y T, —-¢d|r]. constraint.
i=l j=1 i=l i=1
Subject to:
(
dYr.=o |r|.scC
i=1
The dual problem after introduction of a.:
Maximize: Note: D 1s quadratic in
t ( ( ( . . . o
D=-4Y 3T T k(x,x,)+ Yy, T, - e its objective and linear
i=1 i=l1

co 0 in its constraint.
Subject to:

(
dYTI,=0, —l<I,<el, a<C

i=]

Solve for I';using a
standard QP package.

24



Demonstration (1-Norm)

Vector Case: y € R™

0.1r

0.057

-0.05¢

-0.1 -0.05 o 0 0.05 0.1

Matlab’s quadprog ()
X was used to find I',.

y, -05 0
16 support vectors

25
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The 2-Norm g

Vector Case: y € R”™

The dual problem: Note: D 1s non-smooth
Maximize: in its objective and
{ ¢ 4 ( .
D=-1Y3T/Tk(x.x;)+Yy/T,-e>|r] ~ constraint.
e - - The constraint is
Subject to: .
nonlinear.

L
Z]:ri =0, |rf,=<c

The dual problem after introduction of a;:  Note: D is quadratic in

Maximize: its objective and
D=-1Y ST k(x,.x, )+ 3y T -3 a nonlinear but smooth in
=1 i=1

i 1ts constraint.
Subject to:

( :

Yr,=0, I'T,=a?, 0<a<C Solv§ for I';using a s.tandard

= nonlinear programming package
which can use gradients.

26



Demonstration (2-Norm)

Vector Case: y € R™

0.1f /—e\e\&
@)

0.057

~0.05 o ° /
O
E\O o R /
0.1 \eﬂ\_/
-0.1 -0.05 0 0.05 0.1

Matlab’s fmincon ()
was used to find T"..

Y, -05 0 X
16 support vectors



The «o-Norm g=1

Vector Case: y € R™

The dual problem: ,
Maximize: Note: D 1s non-smooth
a : c in its objective and
D=-43 3 TTk(x.x,)+ > y/T, —e) |L -J
i=l j=l il i=1 constraint.
Subject to:
(
D=0 |r|<c
i=l
The dual problem after introduction of y; and y,"™:
Maximize: Note: D 1s quadratic in
( 14 T i . . . .
D==43(v,-v)) (v, =7, )k(x.x,) its objective and linear

i=1 j=I

‘ ( |
2% (1-1) = e 1 (v, +v7)
=1 i=l
Subject to: Solve for I'; using a
irl, =0, 1 (y,+7))<C, 7,7, 20 standard QP package.
=l

1n its constraint.

28



Demonstration (co-Norm)

Vector Case: y € R™

Yy, -05 0
19 support vectors

Matlab’s quadprog ()
X was used to find I'..

Jdr Oc 0000 —0—04( 1
0.1 6 . o D
o
° o o
5 O (o]
0.05¢ .
0 o
Q)N 07 O . O
o o)
o
-0.05¢ 0}
o
o
o] (0]
-0.1 a» o= S 2
-0.1 -0.05 0 0.05 0.1
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5 Example Hwang

s Hwang data set
H:[0,1] » R’

m Artificial vector-

valued data set

m Of Historical
significance

m Input domain is
randomly sampled

30



00
X

31

H(x) >
o H(x)= Y Tk(x,,x)+b
, i€ sV
TS, -— ¥ 4
=1 i=l 2
Subject to: if,- =0, |r,|, <c k(x,,x,) = eXP(‘7’HX1 - Xz“z)
i=1



! Hwang KKT

48 Support Vectors

KKT Conditions

32



i Sparsisity

Compare VV-SVR with aggregated
SVR (libsvm)

Hwang data set with 2,000 points
Equal Volume

o VV-SVRe=0.5

o SVR e=0.34850

Support Vectors

a VV-SVR 55
o SVR 92

q
><C\IDO ® © O o )
°© % o o O
0 o) Q la¥a) o d

SVM

Y
SVM—>
SVM—)

SVM >V

33



Conclusions

Vector Case: y € R™

= \VV-SVR generalizes the scalar-valued case.
= Estimator form and parameters
= Loss function

= Regularization functional

= VV-SVR maintains the sparsity of the scalar-valued case.

34



